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Ahstract

Transient waler table varialion in an unconfined horizontal aquifer, lying between two canals located at different elevations
above the impermeable barrier and receiving time varying recharge, is predictad by obtaining an analytical solition to the
linearized Boussinesq equation. The proposed solution 18 for the generalized form of time varying recharge and has been
obtained by epplying an indigenously devised transformation to the flow gaverning equation. The solrtion for constant mie of
recharge. a special case of the proposad salition, is compared with the existing analytical solution and 2imost idectical values of
water table rise are abtained. The effect of constant recharge, sxponentially decreasing recharge and a combination of constant
and exponentially decreasing recharge on the water table rise is analyzed with the help of a numericel example. © 2001

Elsevier Science B.V. All rights reserved.
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1. Introduction

Anzlvtical solution to predict spatial and temporal
variation of water table in an unconfined aquifer Iying
between two canals located at differsnt elevations
above the horizontal impermeable barrier was
obtained by Gill { [984). Later, Mustafa (1987 incor-
porated a term of constant recharge in the linearized
Boussinesq equation and obtained its solution to
analyze the effect of constant recharge and seepage
from canals on water table variation. Rai and Singh
(1992} considered a varinble rite of recharge (linearly
decreasing with time wlach finally becomes constant)
in the linearized Boussinesq equation and obtained the
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analytical solution by using the method of Laplace
transformation to predict ransient position of water
table in the aguifer, Sewa Ram et al. {1994) also
obtained the apaiytical solution for the same problem
as considered by Mustafa (I1987) bul instead of
employing Laplace transformation, a simple trans-
formation was used. The results obtained from this
solution were fairly close to Mustafa's solution.

In all these studies the vate of recharge was either
zero or constant or linearly decreasing with time.
However, Baumann (1952) reported that variation of
the water table in responsa to recharpe depends on the
rute and duration of infiliration besides cther factors
like shape and size of recharge basin, hydraulic prop-
erties of aguifer, vertical distance between ground
surface and initial water table. The dependence of
water table variation on infiluation rate implies that
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Fig. 1. Water table nze in an aquifer owing to canal seepage and time varying recharge.

the rate of recharge to the water table depends on the
infiliration rate and decreases with tme more or less
in exponential form due to sediment clogging of soil
pores beneath the recharge basin (Bear, 197%). In a
field study in the Ghavin Plain of Tran, it has been
shown that the solutions which are based oo the
sssumption of constant rate of recharge caunct
explain the observed recession ol the water table
(Zomorodi, 1991), thus requinng coasideration of
time dependent recharge, Abdulrazzak and Morel-
Seytoux {1983) have also suggested that it would he
ol theoretical as well as of practical interest o
consider time dependent recharge in order to simulates
actuzl lield conditions. Their experimental and analy-
tical results show that the rate of recharge decreases
exponentially with time. Later, Rai and Singh (1996)
also advocated for consideration of Gme varying
recharge. Manglik and Singh (1998) obtained mathe-
matical solution to the two-dimensional equation and
predicted water table fluctuations due to time varying
recharge from a rectangular basin, Upadhyaya (1999}
obtained several mathematical solutions for a pumber
of physically identified fow sitwations to describe
water table fluctuations in a sloping as well as hori:
zomtal aquitfer in response to constant or imes varying
recharge and constant or depth dependent extltration.
In the present study, the work of Mustafa (1587) has
heen extended by considering a time varying recharge

rate approximately similar to the pattern of infiltration
rate, The proposed analytical solution has been
ohtained using an indigenously devised transforma-
tion which is a simpler approach than the one in
which Taplace transformation is used.

2. Problem delinition

A definition sketch of water table rise in an aquifer
owing to canzl seepage and time varying recharge
from land surface is shown in Fig. 1. The aguifer
overlying ¢ horizontal impermeable barricr receives
time varying recharge between two canals located at
elevations Ay and i, above the impenmeable barrier.
The recharge rate is considered as exponentially
decreasing with time from an initial value R+ Ry
to & lower value Ry und thereafter remairis constanl.
The assumptions considered for simplifying and
formulating the physical problem in mathematical
terms are: (1) the aguifer is homogeneous, isotropic
and incompressible with time invariant hydraulic
properties, and (2) the rate of recharge in comparison
with the hydraulic conductivity is su small that the
vertically percolated water flows almost horizontally
after meeting the water table.

Flew is characterized by one-dimensional lincar-
ized Boussinesg equation derived using Dupuil’s

L




A Upadivaye, HS. Chawhar ¢ Journal of Hydralagy 244 (3001) 1-8

assumplions and Darey’s Law. This equation
was used by Mustafa (1987), Rai and Singh
(1992) and Sews Ram et al. (1994) to describe
movement of ground water in the flow system
under consideration. The houndary value problem
is given us:

P Mo 1 i
dxs K a ar ;

ix, Oy =10, 0<x=<L (2)
20, =1, 1=0 13)
2L, 1) = £ t=0 4

where =t = Koz =W = H 5 = W =h ks
the varizble bheighl of water table, fip the inilial
height of water table, @ = KDIf. where K is the
hydraulic conductivity, f the specific yield, D a
constant of linearizalion and is approximated by
D = 0.50k{r) + hy(0)], where ¢, the in-hetween
peried in which an estimate of h is made (D is
taken as constant in this paper), x the space toor-
dinate in horizontal direction, ¢ the time of obser-
vation, L the tpacing between two canals and
R(t) = Ry + Rye ", where Ry is constent rate of
rechaige, Ry + R, the initial rute of recharge, »
the decay rate of recharge and 1 the decay period
of recharge.

3. Solution

A transformation to convert the linezrized Boussi
nesqg By, (1) into a heat flow equation 1s devised as:

2aRyi 2aR| _.
=iy

K Kr

{3}

t=vt

With this transformation, Eqs. (T1=14) arc trans-
formed to:

v 1 1':.u 6)

ol -
dax* u

with initial and boundary conditions us:

w0 =28 _pg,  b<x<l 0,
Kr

; ' 2aRyt | 2aRtie™" :
W) =|zg = e = fils),

t=0 (8)

2aRy | 2aR;e”"
WL, 6 = (:3 o SO0 S ] = f(1),

r>0 (9

The boundary value problem defined by Egs. (6)-(9]
is similar o heat flow eguation with time dependent
boundary conditions. The general solulion 1o such
houndary value problem reported by Omisik {14980}
is outlined as:

wWx, N = ;— e B i Bx J_,fn[:."| sin Box’ dx'
* m=1 -0
x x
tf1- 7 Yo+ Ao
( L)fl‘ ] I yAl
_ 2 s ditt Bpx
Lo Ha

al i e o7 g3
x[_r](mc"’-""' + ’”e. el ;lf-[ﬂ]

p EpL . 5N Bx
+ = (=1 ==
DI

X[f:(mf‘-ﬂﬂ’“: + i ® - 17 ‘ifi[ﬂJ
{10}

where 3, = mm/L and m = 1,23, ...
Substituting initial and boundary conditions as
given by Egs. (7)-(9) in Eg, (10 and some simplifi-
cations, the expression for w(x, 1) is obtained. Agaia,
an substitution of expression for ¥(x, 1) in Eg. (5) the
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unalytica! expression for z(x, ) is obtained as:

x X 2
#x )=|1-= I z.+Lz;—-£
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3.1, Special cases of the proposed analytical soluticn

i) 1l & constant recharge, By is assumed 1o occurina
harizental aquifer, the solution for such a condition
can be obtained by putting B, = 0 in Eq. {11} and

-I - Steady state soution

0 100 200 300 400 500 800 700 BCD 8001000
Distance x (metres)--->

Fig. 2. Comparison of proposed end Mustafa's (1987 solation for wates table rise due tn seepupe from canals in o horizontal aguifer,
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(12)

Similarly a solution for constant rate of recharge,
Ry + Ry, can also be obtained by substituting r =0
in Eq. (11). The solution given by Eq. (12) can be
compared with Eq, (18) of Mustafa (1987) derived
for the constant rate of recharge. :
(i) If & horizontal aquifer belween WO canals is
subjected to an exponentially decreasing rate of
recharpe, the solution for such a condition can
be obtained by putting Ry =0 in Eq. (11 and
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Fig 3. Comparison of proposed and Mustale’s (1987) solutinn for water table rige due to szesuge from cails and constant recharge from Jand

surface in a hodieontal aquifer.

Written as:
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(iii) Steady state solution of Eq. (1) can be obtained
by substimting dz/dt = 0 to the right-hand side of
Eq. (1) and Ry in place of R{i) because at r = wo, 2 -
becomes zero, The solution of the equation for the
boundary conditions z(0) =z, and (L) =2z is
oblained us:

) T4 14y

; R :
% L — )

X
,-,(_T_l—;_|(] E

==

[Cq. (14) gives the steady-state water table profile in
a horizontal aquifer receiving constant recharge, Ry
If there is no recharge from the land surlace, the
steady siate solution for uitimate water fable rise
doe to seepage from canals only, which may be
obtained by putting Ry — 0 in Eg. (14). The solu-
tion given by Eq. (14} is similar 1o the one obtained
by Mustafz (1987) for prediction of a steady state
water table profile between two canals.

4. Results and discussion

The efect of constant, exponentially decreasing
and a combination of constant and exponentially
decreasing recharge on water table fluctuations n
the aguiler was studied by considering the example
given by Mustafa (1987). In the numerical cxample,
the valucs of various parameters are: L= 1000 m,

H=100m% RyK=1x10"
Rk =2%10 % a=12000m"day™", and the
values of *F as 0, 0.05, and 0.10 day ™", In order to

=0, z; =120 me,

&
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Fig, 4. Effect of decay constunt *r* on wates table 1ise between two canals due to exponentially decreasing recharge from land surface in a
norizontal aquifer
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Fa. 5. Effect of decay constant *r"' on water Lzble sise between two eanals due te a combination of exponentially decreasing and constant
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compare the results of the proposed solution with
Mustafa's solution comresponding to Ry/K =0 and
1% 107%, and R/K =0, the values of z(x, r} wers
corr;pmtd at distances x— 100, 200, 300, ...,
1000 m from the origia for the tme periods 1 =2, 3,
5,7, 10, and 20 days. Elfect of decay constant, ‘r". on
water lable rise was studied for the time periods ¢ = 5,
10, 13, and 20 days. The values of water table eleva
tion were [ound o converge for a number of terms
{m =5}, so that cnly five lerms were retained in the
solution.

The plots of zfz; as computed from the propossd
analytical solution and Mustafa's solution for the
case of zero recharge and constant recharge are
shown in Figs. 2 and 3, respectively. It may be
observed from the figures that values of water table
elevation computed from both solutions for zero and
constant recharge are almost identical, which partially
validates the correctness of the proposed solution,
Effect of constant recharge from the land surface on
water table ose may be observed by comparing the
water tables corresponding to the same time level in
Figs. 2 and 3. The comparison shows that the rise in
water table is faster when constant recharge is consid-
ered compared to the case of no recharge. Steady state
waler lable rise with zero and constant recharge is also
shown in Figs. 2 and 3, respectively. It may be
observed from Fig. 2 that nondunensional steady
slate water table {(2f%.) decreascs lincarly from the
canal at higher elevation to the canal ar lower eleva-
tion, whereas an asymmetric water mound between
two canals on account of constant recharge may be
observed 1n big. 3.

The values of 25, were plotted against x for the tims
periods r= 35, 10, 15, 20 days 1o study the effect of
constant recharge, Ry, with r=10 and exponentially
decreasing recharge, R, with r=10.05 and 0.10 on
waler table rise in the horizontal aguifer and are
shown in Fig, 4, It may be obscrved from Fig. 4 thar
waler table rise depends on the decay constant, 'r,
associated with B and with increase in the value of
decay constant, the rise of water table slows down.
Steady stale water table rise due o nondimensional
constant recharge, B /K = 2% 1077, is alse given in
Fig. 4, which again shows water stagnation on the land
surface hetween two canals in the form of an asym
metric mouid

The plot of #/z; against x for the time period : = 5,

10, 15, 20 days, considering time varying recharge,
Rty = Ry + Rye™ with r= 0.0, 0.05, 0.10, and for
a steady state condition corresponding to constant
recharge, Ry + Ry, is shown in Fig. 5. Compatison
of water table heights corresponding 10 r=20 in
Figs. 4 and 5 shows that steady or transient rise of
waler table jn Fig. 4 is slower than that in Fig. 5
because the former water table rise is for constant
recharge R wheareas the later water table rise is for
constant recharge Ry + R;. It may be observed from
both Figs. 4 and 3 that the water table rise reduces dne
tr consideration of cxponentially decreasing or a
combination of constant and exponentiully decreasing
recharge, and the magnitude of reduction, which is
moere in the central part of the aguifer, increases
with time.

5. Conclusions

An analytical solution of the linearized Boussitiesy
equation incorporating ftime varying recharge is
obtained by employing an appropriate and simple
transformation and vsed to predict the spatial and
temporal variation of water table in a horizontal aqui-
fer due to canal seepage and time varying recharge for
a se.ected numencal example. Time varying recharge
of the form, R(f) = Ry + Rje™ ", seem 1o be a more
gereralized and practical form of recharge lor which
waler lable rise between (wo canals has been
analyzed. Results reveal that the water table rise in a
horizontal aguiler lving between two canals decreases
due to consideration of exponentially decressing or a
combination of exponentially decreasing and constant
recharge, and the magnitude of reduction, which is
more in the central part of the aquifer, increases
with time.

Acknowledgements

The first auther acknowledges the financial assis-
tance of CSIR, New Delhi, in carrying out this study
and in preparation of this manuscript. He also thanks
the Water Technology Centre for Eastern Region
(ICAR), Bhubaneswar, for sponsorstup in camving
out higher studies at GB. Pant University of Agricul-
ture und Technology, Pantnagar.



References

Abéulrazzak, M.1., Morel-Seytoux, FLI., 1983, Recharge from an
=phemeral stream following wetting frout anival to water-tabli.
Water Resour. Res. 19, 194-200.

Bews, )., 1979, [ydraulics of Groundsater. MoGraw-Hill, New
York (p. 569).

Baurmarmy, P, 1952, Ground water movement controlled through
spucading. Trans. Am. Soc_ Civ. Engng 117, 10241074,

Gill, MA . 1984 Waser tablie rise due to infiltration from canals. 1.

Hipdeol. 70, 337351

Mamgsk A Sgh, SN 1998, Two-dimensional modslling of
water table fuctmsiions due to time varying recharge from
recemmpiar basin. Water Resour. Mgmit 12, 267 475. |

Susmafa, § . 1987, Water table rise in 4 semni-confined aquifer die to
smrface mblimation and canal reeharge. 1. Hydrol, 95, 268-276.

A. Upadhyaya, H.5. Chauhan / Jowrnal of Hydrology 244 2000 1-8

Oizisik, M., 1580, Heat Conductien, 71/72. Wiley, Nz2w York {pp.
01-203).

Rai, .M., Singh, R.N. 1992, Watar rahle fluctuations in an aguifer
system uwing In Hme-varying sorface infilieation and canal
recharge. J. Huwdrol. 136, 381 -387.

Rui. S0, Singh, RN, 1996, Anzlytical modelling of unconfined
flova inetced by time varving recharge. Proc, Indian Matl Sei.
Acad, 624 (4), 253-292,

Sewa Ram, Jaiswal, C.5., Chashan, HS., 1994, Transient water
fehle rise with canal socpage and techarge. 1 Tlydeel. 163
197202,

Upedhyaya, A. 1999, Mathematical madelling of water table flue-
tueticns i slopping aguifers, PaD thesis, G, R. Pant University
of Agi. and Tech., Pantangar, India.

Fomerdi, K., 1991, Evaluation of (he respense of & water-tahle in a
variable recharge rate. Hydral, Sei. T 36, 67-72.



